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We propose schemes for generating spin currents into a
semiconductor by adiabatic or non-adiabatic pumping of
electrons through interacting quantum dots. The appeal
of such schemes lies in the possibility to tune the pump-
ing characteristics via gate voltages that control the prop-
erties of the quantum dot. The calculations are based on a
systematic perturbation expansion in the tunnel-coupling
strength and the pumping frequency, expressed within a
diagrammatic real-time technique. Special focus is put
on the possibility of pure spin pumping, i.e., of pumping
spin currents without charge currents.
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Setup of a device for generating a spin current into a semi-
conductor by adiabatic or non-adiabatic pumping of electrons
through an interacting quantum dot.
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1 Introduction A substantial aspect of semiconductor
spintronics [1,2,3] is the controlled generation and manip-
ulation of spin-polarized carriers in semiconductors. Both
in the context of nanoscopic spintronic devices and quan-
tum computation, it is highly desirable to coherently ma-
nipulate a few or even individual spins. The main objective
of this article is to review some recent studies of adiabatic
charge and spin pumping from a spin-polarized lead (e.g.
a ferromagnetic metal, a diluted magnetic semiconductor,
or a spin-polarized edge channel of a quantum Hall sys-
tem) through a quantum dot with large charging energy
into a (nonmagnetic) semiconductor. The ferromagnet and
the semiconductor are considered as electron reservoirs.
For the ferromagnet, the density of states is spin depen-
dent. In the case in which the average single-particle level
spacing in the quantum dot exceeds all other energy scales
relevant to transport, such as bias voltage and temperature,
only one or a few orbital levels in the quantum dot par-
ticipate in transport. Coulomb interaction is accounted for
by a charging energy, which typically dominates over all
other energy scales in the system. Transport can occur by
tunneling between quantum dot and leads. For establish-
ing pumping through the quantum dot, some of the system
parameters, such as the strength of the tunnel couplings,
tunable by split gates in electrostatically-defined quantum
dots, the level position, tunable by a gate voltage, an ex-
ternal magnetic field, or the magnitude and direction of the
ferromagnet’s magnetization, should vary in time, which
makes the Hamiltonian explicitly time dependent. For adi-
abatic, i.e. slow, pumping at least two varying parameters
are necessary [4].
In the case of weakly interacting mesocsopic systems a
theoretical description of pumping can rely on the scatter-
ing formalism [4,5,6,7,8,9,10]. Quantum dots, however,
are subject to strong Coulomb interaction. For interact-
ing systems, only a few approaches [11,12,13,14,15,16,
17,18,19,20,21,22] suited to specific systems or regimes
exist. Therefore, we have developed [16] a real-time dia-
grammatic technique to address charge and spin pumping
through interacting quantum dots. Pumping experiments
have been realized both in open systems [23,24] and in
Coulomb-blockaded ones [25,26,27,28,29,30].
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2 Model In general, the Hamiltonian of the systems
that we study in this article can be written as a sum of three
contributions as
H = Hdot +Hleads +Htun , (1)
where Hdot describes the isolated dot, Hleads the leads and
Htun the tunnel coupling between the dot and the leads. In
this article we consider two models for the dot [Eqs. (2)
and (7)]: either the dot has a single spin-degenerate orbital
level (minimal model exhibiting non trivial interaction ef-
fects) or two spin-degenerate orbital levels (minimal model
to include spin-orbit coupling). Extensions to more com-
plex systems such as double dots [31] are straightforward.
2.1 Single-level quantum dot When only one or-
bital level in the dot participates in transport, the dot can
be described by the Anderson model as
Hdot =
∑
σ
 d†σ dσ + U n↑ n↓ , (2)
where  is the spin-degenerate orbital level, U the on-site
Coulomb repulsion, dσ (d†σ) the annihilation (creation)
operator for an electron of spin σ, and nσ the correspond-
ing number operator. We consider two leads, one normal
and one ferromagnetic, modeled by reservoirs of non-
interacting electrons with Hamiltonians
Hlead N =
∑
k,σ
k c
†
kσ ckσ (3)
Hlead F =
∑
k,α
Ekαa
†
kαakα , (4)
where ckσ (c
†
kσ) is the annihilation (creation) operator for
an electron with spin σ and wave vector k in the normal
lead, while akα (a
†
kα) is the annihilation (creation) operator
of an electron with majority/minority spin α = ± and wave
vector k in the ferromagnetic lead. In general, the majority
and minority spin direction in the ferromagnet (α = ±)
will be different from the spin quantization axis chosen for
the dot and the normal lead (σ =↑, ↓). The majority and
minority creation operators are connected to the ones for
electrons with spin σ along the dot’s quantization axis via
the transformation a†kα =
∑
σ Aασa
†
kσ with
(Aασ) =
(
e−iϕ/2 cos(θ/2) eiϕ/2 sin(θ/2)
−e−iϕ/2 sin(θ/2) eiϕ/2 cos(θ/2)
)
, (5)
where the polar angle θ and azimuthal angle ϕ de-
fine the ferromagnet’s magnetization direction eˆp =
(sin θ cosϕ, sin θ sinϕ, cos θ)
T in the (time-independent)
coordinate system with the z-axis chosen along the spin-
quantization axis of quantum dot and normal lead. We de-
fine the ferromagnet polarization p = (ρF+−ρF−)/(ρF++
ρF−), where ρFα are the densities of states at the Fermi
energy for the majority and minority bands. Finally, the
tunnel coupling between dot and leads conserves spin and
is described by
Htun =
∑
k,σ
(
VN c
†
kσ dσ + VF a
†
kσ dσ + h.c.
)
. (6)
The tunnel-matrix elements VN and VF define the tunnel-
coupling strength to the normal and ferromagnetic lead by
ΓN = 2piρN |VN|2 and ΓF =
∑
α piρFα |VF|2. The prefac-
tor 1/2 in the ferromagnetic case accounts for an average
of majority and minority spin channels.
We use the single-level dot model described above with
θ = 0 to study spin and charge through a quantum dot
tunnel-coupled to a normal lead and a ferromagnetic lead
with fixed (time-independent) magnetization direction in
Secs. 4.1.1 and 5. The full model with finite values of θ
and ϕ becomes relevant for a time-dependent magnetiza-
tion direction, which we discuss in Sec. 4.2.
2.2 Two-level quantum dot To investigate the effect
of spin-orbit coupling, we need to consider at least two lev-
els in the dot. The minimum dot’s model that allows for
time-reversal symmetry is
Hdot = Ψ
†
(
(1 − U2 )σ0 −iαso · σ
iαso · σ (2 − U2 )σ0
)
Ψ +
1
2
U(Ψ†Ψ)2 ,
(7)
where Ψ = (d1↑, d1↓, d2↑, d2↓)T , with dησ being the an-
nihilation operators for an electron with spin σ in orbital
level η = 1, 2. The entries of the 2 × 2 matrix, that re-
flects the Hilbert space of the two orbital levels, are opera-
tors in spin space: σ denotes the vector of Pauli matrices,
σ0 is the identity matrix, and αso is a real vector describ-
ing the spin-orbit coupling. The single particle energies 1
and 2 have been shifted by U/2 to guarantee that the en-
ergy difference between the empty-dot state and the dot’s
occupation by one electron is independent of the charging
energy U . This allows us to study the limit of infinitely
large U . Moreover, to simplify the discussion, we assume
that the Coulomb repulsion between electrons on the same
orbital level equals to the repulsion between electrons on
level η = 1 and η = 2 (spin-independent).
As spin-orbit coupling already breaks spin symmetry,
we do not need to include a ferromagnet to obtain spin
pumping. In Sec. 4.1.2, we discuss the case of a two-level
quantum dot coupled to two normal leads, each described
by Eq. (3). For this case, the modified tunneling Hamilto-
nian (6) reads:
Htun =
∑
k,η,σ
(
VLη c
†
kσL dησ + VRη c
†
kσR dησ + h.c.
)
.
(8)
The tunnel-coupling strength to the left/right (L/R) lead is
given by an average with respect to the orbital degree of
freedom, i.e., Γλ =
∑
η piρλ |Vλη|2 for lead λ = L,R.
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For both the two-level quantum dot and the single-level
quantum dot with a ferromagnetic lead, the overall line
width is the sum of the tunnel-coupling strengths to the
lead, i.e., Γ = ΓN + ΓF = ΓL + ΓR.
We always assume a harmonic variation of the system
parameters {X1, X2} in time, X1(t) = X¯1 + δX1 sin(Ωt)
and X2(t) = X¯2 + δX2 sin(Ωt + φ). Pumping in the
adiabatic regime occurs only for a finite phase shift φ. In
the limit of weak pumping, i.e., small amplitudes δX1 and
δX2, the expressions for the pumped charge and spin, ex-
panded up to bilinear order in δX1 and δX2, are propor-
tional to sinφ [4,5,6].
3 Diagrammatic approach to adiabatic pumping
The problem of theoretically addressing electronic trans-
port through the quantum dot is complicated by the combi-
nation of (a) the large number of degrees of freedom in the
leads, (b) the Coulomb interaction in the quantum dot, (c)
the tunnel coupling between quantum dot and leads, and
(d) the explicit time dependence of one or several parts of
Eq. (1). The strategy to deal with this problem is to perform
a systematic perturbation expansion both in the tunnel-
coupling strength, Γ , and the pumping frequency [16], Ω,
then to treat the leads as a reservoir of noninteracting de-
grees of freedom that can be integrated out with the help
of Wick’s theorem. In this way, one ends up with an effec-
tive description of the time evolution of a reduced system
consisting of a few interacting degrees of freedom only.
3.1 Adiabatic expansion In order to perform the
perturbation expansions we need first to identify the parts
of the Hamiltonian that will be treated as perturbations.
For the expansion in the tunnel-coupling strength, this is
the tunneling part of the Hamiltonian, while for the expan-
sion in the pumping frequency, it is the time variation of
the Hamiltonian that is considered to be small. This time
variation of the Hamiltonian enters the evaluation of the
quantum-statistical expectation value 〈A(t)〉 of any opera-
tor A at time t since the latter depends on the Hamiltonian
H(τ) at earlier times τ . For a perturbative treatment, we
expand H(τ) about the final time t up to linear order,1
H(τ) ≈ H(t) + (τ − t)H˙(t). An additional complication
can arise for a time-dependent quantum-dot Hamiltonian.
Since we aim at formulating the diagrammatic language in
the eigenbasis of the quantum-dot Hamiltonian, we may
be forced to first employ a time-dependent unitary trans-
formation U(t) such that H¯dot := U†HdotU is diagonal.
Then, we split the transformed Hamiltonian H¯ − iU†U˙
into the decoupled system H0 frozen at the final time t and
the perturbation V (τ),
Ht(τ) ≈ H0 + V (τ) , (9)
1 How to include higher orders in the pumping frequency to
study non-adiabatic pumping will be commented on in Section 5.
where the index t indicates the time about which the ex-
pansion is performed, and
H0 = H¯dot(t) +Hleads(t) (10)
V (τ) = H¯tun(t) + (τ − t) ˙¯H(t)− iU†(t)U˙(t) . (11)
Now, we are able to express the quantum-statistical ex-
pectation value of A as an integral over the Keldysh con-
tour K from time τ = −∞ to t and then back to −∞,
〈A(t)〉 = tr
[
%0TK exp
(
−i
∫
K
dτV (τ)I
)
A(t)I
]
.
(12)
The Keldysh time-ordering operator TK orders all opera-
tors along the Keldysh contour, the index I indicates inter-
action picture with respect to H0, and ρ0 is the (full) den-
sity matrix of the decoupled system at time−∞. The latter
is assumed to be a tensor product of the density matrices
for the quantum dot and the leads, with the leads being in
an equilibrium state with the magnetization direction being
the same as at time t. This procedure amounts to an ap-
proximation in the case of an explicit time dependence of
the magnetization direction of the ferromagnet. On the one
hand, adiabatic corrections due to this time dependence in
the lead are fully taken into account for the dynamics of
the quantum dot’s degrees of freedom. On the other hand,
nonequilibrium distributions in the ferromagnet, that arise
due to the explicit time dependence already in the absence
of the tunnel coupling to the quantum dot, are neglected.
This is justified as long as the time scale for relaxation
towards equilibrium in the leads is much shorter than the
time scale for transport, determined by tunneling. In that
case, the non-adiabatic corrections to the leads’ density
matrix are negligible in comparison to the non-adiabatic
corrections of the transport processes.
We proceed by expanding the exponential in powers
of V (τ)I . The diagrammatic representation of each V (τ)I
is a vertex. There are, in general, three different types of
vertices, characterized by the number of lead operators be-
ing involved: this number may be zero for vertices origi-
nating from ˙¯Hdot or −iU†U˙ , one stemming from H¯tun or
˙¯Htun, and two for vertices representing H˙leads. In the next
step, we integrate out the leads’ degrees of freedom. Using
Wick’s theorem, we contract the lead operators in pairs.
Each contraction is diagrammatically represented by a tun-
neling line. As a consequence, the different types of ver-
tices differ by the number of tunneling lines (zero, one or
two) that are connected with the vertex. The time evolu-
tion from −∞ to t is diagrammatically represented by an
infinite sequence of irreducible blocks, defined as the parts
of a diagram, where a vertical line at any time τ crosses at
least one tunneling line. This infinite series of irreducible
blocks can be summed up by a Dyson equation. Examples
of diagrams are depicted in Fig. 1.
The full density matrix %full(t) of the coupled system
includes both the quantum-dot and the leads’ degrees of
freedom. By performing a partial trace over the latter, we
Copyright line will be provided by the publisher
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f)c) d) e)a) b)
Figure 1 Examples of irreducible blocks of diagrams. Filled vertices represent the tunneling Hamiltonian H¯tun at time t.
These are the only ones used for the instantaneous kernels shown for a) first order in Γ and b) second order in Γ . Adiabatic
corrections to the kernels contain one open vertex stemming from c) ˙¯Hdot or −iU†U˙ , d) ˙¯Htun or e) H˙leads. Diagrams with
f) two or more open vertices are higher order in the adiabatic expansion and, therefore, neglected for adiabatic pumping.
arrive at the reduced density matrix %(t) = trleads[%full(t)],
whose dynamics is described by the kinetic equation
%˙ (t) + i[H¯dot − iU†U˙ , %] (t) =
t∫
−∞
dt′ W (t, t′) % (t′) .
(13)
The commutator on the left hand side describes the coher-
ent time evolution of the quantum dot in the absence of
leads. The Liouville superoperator W acting on the den-
sity matrix on the right hand side corresponds to the sum
of all irreducible blocks. The charge and spin currents IQ
and IS into a specified lead are obtained by
IQ(S) = trdot
 t∫
−∞
dt′ WQ(S) (t, t′) % (t′)
 , (14)
where WQ(S) differs from W by counting the charge/spin
being transferred into the specified lead within the irre-
ducible block.2
Although we have already linearized the time depen-
dence of the Hamiltonian H(τ) about the time t, we still
need to perform a systematic adiabatic expansion for the
kinetic equation and the expression for the currents. For
this, we make use of the expansion % (t′) ≈ % (t) + (t′ −
t)%˙ (t) on the right hand side of Eqs. (13) and (14). Fur-
thermore, we expand the kernel W (t, t′) ≈W (i)t (t− t′) +
W
(a)
t (t − t′). The instantaneous contribution, labeled by
(i), corresponds to freezing all parameters at their values
at time t. The adiabatic correction, labeled by (a), is ob-
tained by keeping exactly one vertex stemming from ˙¯H or
−iU†U˙ . Similarly, we perform an adiabatic expansion for
the reduced density matrix % ≈ %(i)t + %(a)t . Since both the
instantaneous part and the adiabatic correction to the ker-
nel W are functions of the time difference (t − t′), it is
convenient to introduce the Laplace transform W (i/a)t (z) =∫ t
−∞ dt
′ exp[−z(t− t′)]W (i/a)t (t− t′) in order to define its
2 The bold-face notation S indicates that spin and, thus, the
spin current is, in general, a vector quantity.
zero-frequency valueW (i/a)t = W
(i/a)
t (z) |z=0+ and its first
derivative ∂W (i)t = ∂W
(i)
t (z) /∂z|z=0+ .
Now, we are in the position to complete the adiabatic
expansion of Eq. (13). The lowest (instantaneous) order
describes the equilibrium situation when all parameters are
frozen to their values at time t,
i[H¯dot, %
(i)
t ] = W
(i)
t %
(i)
t . (15)
Together with tr
[
%
(i)
t
]
= 1, we can solve for %(i)t , and plug
this into the next-order (adiabatic) correction to the kinetic
equation that contains all contributions linear in the pump-
ing frequency,
%˙
(i)
t + i[H¯dot, %
(a)
t ] + [U†U˙ , %(i)t ] =
W
(a)
t %
(i)
t +W
(i)
t %
(a)
t + ∂W
(i)
t %˙
(i)
t , (16)
to solve (while making use of tr
[
%
(a)
t
]
= 0) for %(a)t .
In a similar way, we can perform an adiabatic expan-
sion of the currents. The instantaneous parts vanish since
they correspond to the equilibrium currents calculated with
all parameters frozen at time t. The adiabatic correction is
I
(a)
Q(S),t = trdot
[
W
Q(S)(a)
t %
(i)
t +W
Q(S)(i)
t %
(a)
t
]
. (17)
By integration over one pumping cycle with period T =
2pi/Ω, we obtain the pumped charge and spin as Q =∫ T
0
I
(a)
Q,tdt and S =
∫ T
0
I
(a)
S,tdt, respectively. This scheme
can be generalized to describe adiabatic pumping in the
presence of a finite DC bias voltage [32,33]. In that case,
the adiabatically pumped charge and spin adds to the in-
stantaneous contribution.
3.2 Expansion in the tunnel coupling On top of
the adiabatic expansion, we perform a systematic pertur-
bation expansion of the kinetic equation in powers of the
tunnel-coupling strength, Γ . For this, we expand the ker-
nel W (i/a)t =
∑∞
n=1W
(i/a,n)
t , where the index n labels
the power in the tunnel-coupling strength. The expansion
starts to first order. There is no zeroth order since in the
absence of tunneling the kernel has to vanish. The expan-
sion of the instantaneous part of the reduced density matrix
Copyright line will be provided by the publisher
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%
(i)
t =
∑∞
n=0 %
(i,n)
t starts to zeroth order, such that the nor-
malization condition trdot
[
%
(i)
t
]
= 1 can be satisfied.
For a systematic expansion of the kinetic equations
Eqs. (15) and (16), we need to analyze the commuta-
tor [H¯dot, %
(i/a)
t ]. By construction, diagonal elements of
the reduced density matrix drop out. Off-diagonal ma-
trix elements, describing coherent superpositions, are only
nonzero if the energy difference of the corresponding states
is of the order of or less than the tunnel-coupling strength.
Therefore, we count this energy difference as one order in
Γ . As a result, to lowest order in Γ , Eqs. (15) and (16)
simplify to
i[H¯dot, %
(i,0)
t ] = W
(i,1)
t %
(i,0)
t . (18)
and
%˙
(i,0)
t + i[H¯dot, %
(a,−1)
t ] = W
(i,1)
t %
(a,−1)
t . (19)
In order to match the power of %˙(i,0)t , the expansion of the
adiabatic correction to the reduced density matrix, %(a)t =∑∞
n=−1 %
(a,n)
t has to start to minus first order in Γ .
3 Fur-
thermore, all the terms of Eq. (16) involving %(i)t do not
appear to lowest order in Γ . The expressions for the charge
and spin current can be expanded in Γ in a similar way.
Since the instantaneous kernel starts to first and the adia-
batic correction to the density matrix to minus first order,
the expansion of the currents begin to zeroth order in Γ .
The diagrammatic rules of how to calculate the instan-
taneous kernel and its adiabatic correction depends on spe-
cific model system. We do not derive or state them here. In-
stead, we rather review the results obtained for spin pump-
ing in various cases. For technical details we refer the
reader to earlier publications cited in the following.
4 Adiabatic spin pumping through quantum dots
In the following, we focus on generating spin currents
into a normal lead by adiabatic pumping through a quan-
tum dot. To achieve a finite spin current, spin symmetry
needs to be broken. This could be done in various ways.
Here, we restrict ourselves only to the cases in which a
ferromagnetic lead is attached or spin-orbit coupling is
used. Other cases such as applying an external magnetic
field [34,35,36] are not considered. Experimental realiza-
tions of quantum-dot systems with ferromagnetic leads
include self-assembled InAs quantum dots [37], metal-
lic nanoparticles [38,39,40,41], semiconductor nanowires
[42], carbon nanotubes [43,44], and molecular devices
[45]. Spin-orbit coupling was studied in various quantum-
dot systems [46,47,48,49,50,51] and shown to be control-
lable [46,51]. For all the model systems analyzed in this
3 When going to the limit of weak tunnel coupling, Γ → 0, one
needs to keep in mind that the adiabaticity condition,Ω  Γ , has
to remain fulfilled. Therefore, %(a,−1)t ∝ Ω/Γ does not diverge.
paper, spin symmetry is broken in a uniaxial way, i.e., for
each moment in time, there is a rotational spin symmetry
about a special axis determined by the magnetization di-
rection of the ferromagnetic lead or the direction of the
spin-orbit field. We do not investigate more complicated
setups with non-collinear magnetic structure. But even
for uniaxial breaking of spin symmetry, the spin-pumping
mechanisms can be separated into two classes. In the first
one, the spin-symmetry axis does not depend on time,
while for the second one, pumping is achieved by varying
the direction of the spin-symmetry axis.
4.1 Pumping schemes with fixed spin-symmetry
axis In the presence of a ferromagnetic lead with a fixed
magnetization direction or for a quantum dot with a time-
independent spin-orbit field, the fixed spin-symmetry axis
provides the natural spin quantization axis. It is obvious
that any pumped spin current possesses only a compo-
nent along this axis. In the adiabatic regime, two time-
dependent parameters are required to establish pumping.
In the following, we combine the variation of gate volt-
ages determining the energies of the quantum-dot levels,
a time dependence of the tunnel-coupling strength, and a
variation of the magnetization amplitude of a ferromag-
netic lead. The time variation of gate voltages implies that,
in general, both charge and spin are being pumped. Pure
spin pumping, i.e., spin without charge pumping, can only
be achieved (if at all) for special choices of the system pa-
rameters at which charge pumping happens to vanish.
4.1.1 F-QD-N with fixed spin-symmetry axis In
our first example, we consider a single-level quantum dot
with level position  and charging energy U associated to
double occupancy of the quantum dot, which is coupled
to one ferromagnetic, ΓF, and one normal lead, ΓN. The
Hamiltonian for this system is given by Eq. (1), together
with Eqs. (2)–(6) with the polar angle of the magnetization
θ set to zero. We concentrate on the limit of weak tunnel
coupling, for which only kernels to first order in Γ need to
be considered. An explicit calculation [52,53] shows that
for the single-level quantum dot the lowest- (zeroth-) order
contribution to the pumped charge and spin current into
the normal lead can be expressed in terms of the average
quantum-dot occupation 〈n〉 via
I
(a,0)
Q (t) =− e
ΓΓN
Γ 2 − p2Γ 2F
d〈n〉(i,0)
dt
(20)
I
(a,0)
S (t) =
h¯
2
pΓFΓN
Γ 2 − p2Γ 2F
d〈n〉(i,0)
dt
, (21)
where e < 0 is the electron charge. Here, IS is the current
of the spin projected on the symmetry axis and, therefore, a
scalar quantity. To zeroth order in the tunnel coupling, the
instantaneous occupation probabilities of the quantum-dot
states are determined by the Boltzmann factors of the asso-
ciated energies. This yields for the average dot occupation
〈n〉(i,0) = 2f()
1 + f()− f(+ U) . (22)
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As a consequence, pumping can (to this order in the tunnel-
coupling strength) only appear if the dot energy  is varied
in time via a gate voltage. This fixes already one of the two
pumping parameters. The other one can be either the tunnel
couplings to the normal or the ferromagnetic lead, or it can
be the degree of spin polarization p in the ferromagnet.
In any case, we immediately derive from Eqs. (20) and
(21) that at any time, the ratio between charge and spin
current is given by
I
(a,0)
S (t)
I
(a,0)
Q (t)
= − h¯
2e
pΓF
Γ
. (23)
This expression is always positive, implying that, at any
time, spin and charge flow in the same direction, compati-
ble with the notion that electrons carry charge and spin at
the same time.
The situation is different when integrating over a full
pumping cycle. There are times during the cycle when the
instantaneous charge current is positive and others when it
is negative. These contributions partially (sometimes fully)
compensate each other. The uncompensated part yields the
net pumped charge, which may be positive or negative (or
zero). While at any moment in time, the relative sign of the
spin and charge currents is fixed, their relative magnitude,
expressed by the right hand side of Eq. (23), may be time-
dependent. Therefore, the compensation between positive
and negative contributions for the pumped spin is different
than the one for the pumped charge. As a result, the ratio
of spin and charge pumped per period can be both posi-
tive or negative. A divergence of this ratio indicates pure
spin pumping. In order to explicitly calculate this ratio in
bilinear response, i.e. for an infinitesimal area in parameter
space, we have to specify the choice of pumping parame-
ters. In the following, we define the spin efficiency as the
ratio
R = −2e
h¯
S
Q
, (24)
with S = |S|. If we choose {, ΓN} or {, ΓF} as pumping
parameters, we obtain the spin efficiency [52]
R,N/F = −p
1 + p2
(
Γ¯F/Γ¯
)2 − 2 (Γ¯F/Γ¯ )
1 + p2
(
Γ¯F/Γ¯
)2 − 2p2 (Γ¯F/Γ¯ ) . (25)
It is shown in Fig. 2 as a function of the relative coupling to
the ferromagnetic lead. Obviously, the absolute value of the
spin efficiency is one for the case of fully polarized lead,
p = 1 (not shown). In the more realistic case of p < 1 the
ratio R,N/F goes from −p for vanishing coupling to the
ferromagnetic lead (ΓF → 0) to p for vanishing coupling to
the normal lead (ΓN → 0). The sign change ofR,N/F is an
intriguing result, which implies that the relative direction
of the pumped spin and charge can be controlled by the
relative coupling to the normal and ferromagnetic lead.
0 0.2 0.4 0.6 0.8 1
KF / K
-1
-0.5
0
0.5
1
R ¡
,N
/F
p=0.99
p=0.6
p=0.3
p=0
Figure 2 Spin efficiency R,N/F as a function of the rela-
tive tunnel-coupling strength to the ferromagnetic lead for
different values of the polarization. Figure adapted from
Fig. 2(a) of Ref. [52].
When pumping with the polarization of the ferromag-
netic lead and the level position, {, p}, we obtain
R,p =
1 + p¯2 (ΓF/Γ )
2
p¯ (ΓF/Γ )
. (26)
In this case, the spin efficiency is always positive.
Pure spin currents Pure spin currents are realized
when the pumped charge per cycle vanishes and, there-
fore, the spin efficiency R diverges. Such a divergence is
not seen for any of the three choices {, ΓN}, {, ΓF} or
{, p} individually. It can, however, occur when combin-
ing two of these pumping schemes, which is experimen-
tally relevant whenever the variation of one external pa-
rameter affects two of the system parameters ΓN, ΓF, and
p. We now consider a time variation of the magnetization
amplitude of the ferromagnet, M(t). This can be realized
by applying a small time-dependent magnetic field in a di-
luted magnetic semiconductor. Microscopically this leads
to a time-dependent splitting of the minority and major-
ity bands. The majority and minority bands Ek±(t) are
shifted in such a way to keep both the total number of elec-
trons and the Fermi energy of the ferromagnet constant.
This implies that not only the polarization p(t) varies in
time but also the tunnel-coupling strength ΓF(t). The time
variations of p(t) and ΓF(t) are in phase and do not gen-
erate any pumping in the adiabatic limit. However, if the
level position is also time dependent, the two pumping cy-
cles {, p} and {, ΓF} occur simultaneously. Their rela-
tive contributions to the total pumped charge and spin in
the weak-pumping regime depend on the ratio
ν =
δΓF/Γ¯F
δp/p¯
, (27)
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Figure 3 (Color online) Total spin efficiency as a function
of the relative tunnel-coupling strength to the ferromag-
netic lead for p = 0.2 and different values of ν. Figure
taken from Fig. 7 of Ref. [53].
which can be related to details of the ferromagnet’s band
structure (see Ref. [53] for more details). Here it suffices to
notice that −1/2 ≤ ν ≤ 0 for parabolic bands, with ν ∝
p2 for small polarizations. For the special value ν = 0 only
the cycle {, p} is active. Positive values of ν are attainable
for non-parabolic bands, for example when the density of
states near the Fermi energy in the ferromagnet depends on
energy as ρF = (ρF+ + ρF−)/2 ∝ ω−d with d > 0.
We define the total spin efficiency for the two cycles as
R = −2e
h¯
S,p + S,ΓF
Q,p +Q,ΓF
. (28)
It is shown in Fig. 3 as a function of Γ¯F/Γ¯ for polariza-
tion p = 0.2 and different values of ν. For ν = 0 (real-
ized for flat bands around the Fermi energy), the spin ef-
ficiency diverges for Γ¯F/Γ¯ → 0, indicating a pure spin
current, which is, however, only asymptotically reached as
for Γ¯F/Γ¯ → 0 the spin current vanishes. For negative val-
ues of ν the divergence of R is removed and a pure spin
current is not realized. The most interesting case is ν > 0,
when the condition for a pure spin current (divergence of
R) is realized for a finite value of Γ¯F/Γ¯ and hence when
the spin current is of finite amplitude.
4.1.2 N-QD-N with spin-orbit coupling Breaking
of spin symmetry can also be achieved by spin-orbit cou-
pling and, therefore, can lead to finite spin pumping [54,
55]. The minimal model that allows for a coupling of spin
and orbital degrees of freedom is a two-level quantum dot,
described by the Hamiltonian given by Eq. (7). The matrix
in Eq. (7) has the most general form for a quantum dot with
two orbital levels that allows for time-reversal symmetry
and has been used recently to study transport phenomena
in the presence of spin-orbit coupling [56,57,58,59].
Here, we assume that the orbital levels, 1(t) and 2(t),
can be changed in time. Therefore, we consider in the fol-
lowing weak adiabatic pumping with {1, 2}, or, equiva-
lently, with {,∆}, where  = (1 + 2)/2 is the mean
level position and ∆ = (1− 2)/2 half the level spacing.
To achieve pumping, the symmetry of the coupling to
the left and the right lead needs to be broken. Four real
tunnel-matrix elements, Vλη , of the tunneling Hamiltonian
given by Eq. (8) determine the coupling configuration of
the two-level quantum dot to the leads. For further discus-
sion, it is convenient to distinguish the ratio of the tunnel-
coupling strength to the left lead and to the right lead, Γλ,
from the difference between the coupling of the two orbital
levels to the same lead. The latter is characterized by an-
gles ϑλ, which parametrize the tunnel-matrix elements via
the relations Vλ1 =
√
Γλ
piρ cos
ϑλ
2 and Vλ2 =
√
Γλ
piρ sin
ϑλ
2 .
The pumped charge and spin are, in principle, finite if the
left-right symmetry is broken by ϑL 6= ϑR. To break the
symmetry via ΓL 6= ΓR while keeping ϑL = ϑR is not
sufficient to establish finite pumping [60] since this case
corresponds to an effective one-parameter pumping with
vanishing pumped charge and spin in the adiabatic regime.
For simplicity, we restrict ourselves in the following to the
case ΓL = ΓR.
To comment on the influence of Coulomb interaction,
we compare the limit U → ∞, to the limit of vanishing
charging energy, U = 0. In both regimes, the absolute
value of the pumped spin is maximal for small but finite
spin-orbit coupling, at approximately αso = Γ/10 [60].
The results for the spin efficiency, discussed in the fol-
lowing, are calculated for this value in the weak coupling
regime, i.e., lowest (zeroth) order Γ .
Figures 4 and 5 show spin efficiency in the U = 0
and U →∞ limit, respectively, depending on the coupling
configuration parametrized by ϑL and ϑR. The dotted lines
indicate the case of left-right symmetric tunnel couplings,
VLα = VRα, where both the pumped charge and spin van-
ish. The possibility of pure spin pumping in case of other
coupling configurations shall be the focus of the remaining
lines of this section.
We start with the discussion of the spin efficiency in
the U = 0 limit, depicted in Fig. 4. One important fea-
ture is the fact that the spin efficiency is independent of
the time-averaged level positions, determined by  and ∆.
Thus, the pumped charge and spin behave similarly un-
der exchange of the orbital levels. Particle-hole symme-
try implies that both pumped charge and spin are anti-
symmetric under (,∆) → (−,−∆). To lowest or-
der in Γ , it turns out that the pumped charge and spin
are symmetric under  → −, i.e., antisymmetric under
∆ → −∆ alone. As a consequence, pumped charge and
spin both vanish for ∆ = 0. Apart from that situation
of degenerate orbital levels and special coupling config-
urations, pumped charge and spin are finite and their ra-
tio does not depend on the levels’ positions. On the other
hand, the spin efficiency does depend on the coupling con-
Copyright line will be provided by the publisher
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Figure 4 (Color online) Spin efficiency in the U = 0
limit as a function of ϑL and ϑR for fixed ΓL = ΓR and
αso = Γ/10. The dotted line indicates left-right symmet-
ric tunnel couplings with vanishing pumped charge and
spin. Along the solid (VL1/VL2 = −VR1/VR2) and dashed
(VL1/VL2 = VR2/VR1) lines the spin efficiency diverges,
indicating a pure spin current.
figuration, ϑL and ϑR, as illustrated by Fig. 4. There are
even two coupling configurations where spin efficiency di-
verges indicating a pure spin current. First, the dashed lines
in Fig. 4 which show a divergence along and a large spin
efficiency next to coupling configurations given by the re-
lation VL1VR1 = VL2VR2. However, comparison with cal-
culations for U = 0 which are exact in Γ , e.g., by means
of a scattering matrix approach [4,5,56,61], show that the
pumped charge vanishes only in lowest order in Γ . It also
becomes finite for U → ∞ (and lowest order in Γ ) and,
thus, this parameter configuration is not a good candidate
to achieve pure spin pumping. Along the solid line, on the
other hand, where one level is symmetrically and the other
one antisymmetrically coupled to the left and right lead,
i.e. VL1 = VR1 and VL2 = −VR2 (or equivalently 1 ↔ 2),
the coupling configuration leads to a pure spin current not
only for calculations in lowest but to all orders in Γ [56].
This pure spin current is independent of  and ∆.
Until now we have neglected the Coulomb interac-
tion on the quantum dot although it is often large in few-
electron devices. The question arises whether and how
the condition for pure spin currents are modified due to
Coulomb interaction. The following discussion focuses on
the limit of an infinitely large charging energy.
In the U → ∞ limit the antisymmetry with respect
to ∆ is broken. This can be understood by introducing
an isospin associated with the orbital degree of freedom
(where isospin up and down correspond to an occupation
of orbital level 1 and 2, respectively). The Coulomb repul-
sion introduces an effective exchange field which acts on
this isospin [60] and leads to the breaking of the aforemen-
tioned antisymmetric behavior. To calculate this exchange
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Figure 5 (Color online) Spin efficiency in the U = ∞
limit as a function of ϑL and ϑR for fixed ΓL = ΓR and
αso = Γ/10. The dotted line indicates left-right symmetric
tunnel couplings with vanishing pumped charge and spin.
Along the solid (VL1/VL2 = −VR1/VR2) and dashed lines
the spin efficiency diverges, indicating a pure spin current.
The position of the dashed lines depends on the values of 
and ∆. Here, we choose  = kBT and ∆ = 2Γ/10.
field, a high-energy cutoff parameter, Ucutoff, for the en-
ergy integration is used to guarantee convergence. It af-
fects the amplitude of the exchange field and is physically
given by the smaller of the band width of the leads and the
charging energy [62,63,64] (we set Ucutoff = 100kBT ).
By the influence of the isospin exchange field, the con-
dition of vanishing pumped charge and spin are shifted
away from ∆ = 0. More importantly, this shift is dif-
ferent for the pumped charge and the pumped spin. As a
consequence, pure spin pumping can be achieved by fine
tuning of the orbital levels. Viewed in an alternative way,
there are, for fixed orbital levels, coupling configurations
that support a pure spin current. They depend significantly
on the orbital levels. As an example, we chose  = kBT
and ∆ = 2Γ/10, which leads to pure spin currents along
the dashed lines in Fig. 5. Note that the energy scale on
which spin efficiency changes is different for  and ∆.
For the time-averaged mean level position, , the tempera-
ture provides the energy scale. On the other hand, the time-
averaged level spacing, ∆ (as well as αso) has to be com-
pared to the tunnel-coupling strength, Γ .
As a much stronger statement, there are cases in which
pure spin current is not only possible for special, fine-tuned
orbital energies but for all values of  and∆. The coupling
configuration ϑL = −ϑR, i.e. VL1 = VR1 and VL2 = −VR2
(or equivalently 1↔ 2), represented by the solid line, leads
universally to a pure spin current [60]. This generalizes the
result found for U = 0 [56] to the limit of strong Coulomb
interaction. While we have focused on the weak-coupling
regime, it has been shown recently that at this coupling
Copyright line will be provided by the publisher
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configuration pure spin currents remain even in the strong-
coupling limit reached at very low temperatures [65].
4.2 Pumping with rotating lead magnetization So
far, we have considered spin pumping schemes in which
either the magnetization direction of a ferromagnetic lead
or a spin-orbit field defined a rotational spin-symmetry
axis that was not changed in time. We now turn to the
case in which the direction of the spin-symmetry axis
changes in time. To be more specific, we consider a F-QD-
N setup in which the magnitude M of the ferromagnet’s
magnetizationM(t) = Meˆp(t) remains fixed but its direc-
tion eˆp(t) = (sin θ cosϕ(t), sin θ sinϕ(t), cos θ)
T rotates
about the z-axis. The fixed rotation axis z is used as the
(time-independent) quantization axis for the electron spins
↑ and ↓ in the dot and normal lead. On the other hand,
the direction of the majority and minority spins + and
− in the ferromagnet varies in time. The Stoner splitting
∆E = Ek− − Ek+ remains constant in time. Such a ro-
tation of the ferromagnet magnetization can be induced
experimentally by means of ferromagnetic resonance. The
described mechanism is similar to the idea of recently pro-
posed spin batteries without involving quantum dots [66,
67,68,69,70]. It is, furthermore, related to the proposal of
charge pumping induced by the rotation of the magnetiza-
tion direction of a magnetic quantum dot that is placed in
between a ferromagnet and a normal lead [71].
The two independent parameters necessary for adia-
batic pumping to take place are the x- and y-components
of the polarization, px(t) = p sin θ cosϕ(t) and py(t) =
p sin θ sinϕ(t). In contrast to the pumping schemes dis-
cussed so far, no time-dependence of the level position is
required to achieve pumping.
The fact that only magnetic properties associated with
one of the leads are varied in time has important con-
sequences. First, the lowest- (zeroth-) order contribution
to charge and spin pumping vanishes. This follows from
Eqs. (20) and (21) since the instantaneous average dot oc-
cupation 〈n〉(i,0) is constant in time. It is, therefore, nec-
essary to include the next-order contribution in the per-
turbation expansion in the tunnel-coupling strength. The
second consequence is that, even to higher order in the
tunnel-coupling strength, the pumped charge remains zero
because spin and charge are decoupled. But this, in turn,
means that there is always pure spin pumping without
the complication to tune gate voltages or tunnel-coupling
strengths.
An explicit calculation [53] yields that the pumped spin
current can be nicely written in a compact analytical form,
I
(a,1)
S,t =
G0
8pi
{A (eˆp × ∂teˆp) + (1−A)∂teˆp} . (29)
Here, we made use of the dimensionless linear conduc-
tance (in units of e2/h)
G0 = −2pi ΓN ΓF
Γ 2
∂〈n〉(i,0)
τQrel
(30)
of the F-dot-N structure for vanishing polarization. We
have also defined the enhancement factor
A = 1 +
ΓN
ΓF
(
BτSrel
)2
1 +
(
BτSrel
)2 , (31)
where τQrel and τ
S
rel are the charge and spin relaxation times,
respectively, and B describes an interaction-induced ex-
change field that is a consequence of the spin-dependent
tunnel coupling of the dot level to the ferromagnet [72,
73,74]. The exchange field always appears in combination
with the spin relaxation time τSrel, as this is the time scale
during which the field can act on the quantum-dot spin be-
fore it relaxes due to tunneling events with the leads.
The explicit expressions for the relaxation rates and the
exchange field read
1
τQrel
= Γ [1 + f()− f(+ U)] (32)
1
τSrel
= Γ [1− f() + f(+ U)] (33)
B =
ΓF p
pi
P
∫
dω
[
1− f(ω)
ω −  +
f(ω)
ω − − U
]
, (34)
where P∫ dω denotes Cauchy’s principal value.
The pumped spin is obtained by integrating the spin
current Eq. (29) over one cycle. Due to the symmetry of
the problem, the pumped spin per cycle has only a com-
ponent along the z-axis. Since ∂teˆp does not have any z-
component, it is only the term proportional to eˆp×∂teˆp that
contributes to the finite pumped spin per cycle Sϕ. Making
use of (eˆp × ∂teˆp) · eˆz = ϕ˙(t) sin2 θ and assuming a con-
stant angular velocity,Ω = ϕ˙(t), we obtain for the pumped
spin
Sϕ =
1
4
Ω sin2 θ G0A . (35)
The pumped spin is proportional to the enhancement fac-
tor A. It is interesting to notice that the presence of the
exchange field leads to A > 1 and thus to a larger pumped
spin. We will give here a qualitative picture of how this oc-
curs. The exchange fieldB affects the spin dynamics in two
ways. It induces a spin precession of the spin accumulated
on the dot along eˆp thus reducing the pumped spin. Ad-
ditionally, it affects the spin-accumulation processes. This
latter effect dominates and gives rise to an overall enhance-
ment of the pumped spin. Due to the prefactor ΓN/ΓF in
the second term of Eq. (31), the exchange field becomes
more important when increasing the tunnel coupling to the
normal lead.
The pumped spin as a function of level position  is
shown in Fig. 6 for different values of the relative tunnel-
coupling strength to the normal and ferromagnetic lead.
We start in panel (a) with the case of weak tunneling to
the normal lead (ΓN  ΓF). In this situation the exchange
Copyright line will be provided by the publisher
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Figure 6 (Color online) Pumped spin in units of 12Ω sin
2 θ
as a function of the dot level position  for different values
of the Coloumb interaction U . The temperature is chosen
to be kBT = Γ and the ferromagnetic lead is assumed to
be fully polarized (p = 1). The different panels refer to
the following cases: (a) Weak coupling to the normal lead
(ΓF = 20ΓN); (b) Symmetric coupling to the leads (ΓF =
ΓN); (c) Strong coupling to the normal lead (20ΓF = ΓN).
Figure taken from Fig. 9 of Ref. [53].
field has a negligible effect (A ≈ 1). The pumped spin has
peaks located at  = 0 and  = −U (for U = 0 only
one resonance is present). The symmetric case (ΓN = ΓF)
is shown in panel (b). The symmetric choice of the tun-
nel couplings maximizes G0 and hence the amplitude of
the pumped spin. The increase in the peak amplitude as a
function of interaction strength U that is seen for U > 5Γ
reflects the behavior of the enhancement factor A. Finally,
in panel (c) of Fig. 6 we show the case of strong coupling
to the normal lead (ΓN  ΓF), for which the exchange
field strongly affects the pumped spin. In particular, the
pumped spin is enhanced for values of the level position
between the resonances and this leads to the appearances
of side peaks (shoulders), one below  = 0 and one above
 = −U .
5 Spin pumping beyond the adiabatic regime
The adiabatically pumped spin is independent of the pump-
ing frequency Ω and hence in this regime the spin current
scales linearly with Ω. Therefore, in order to achieve a siz-
able spin current, higher frequencies are desirable. Once
Ω becomes of the order of the tunnel-coupling strength,
pumping is beyond the adiabatic regime. Moreover, non-
adiabatic pumping introduces an additional control param-
eter, namely the pumping frequency, to steer charge and
spin currents. In particular, it can be used to achieve pure
spin pumping by tuning the pumping frequency such that
the pumped charge current vanishes.
In the following, we study pumping through the same
system as discussed in Sec. 4.1.1. We again, restrict our-
selves to the limit of weak tunneling, such that the lowest-
order contribution in the tunnel-coupling strength is suffi-
cient. And again, we perform a systematic expansion in the
pumping frequency. But this time, we do not only include
the first two terms, instantaneous part and adiabatic correc-
tion. Instead, we keep all orders in frequency. This leads to
a hierarchy for the kinetic equations, given by Eqs. (18) for
the instantaneous part and
%˙
(k−1,−k+1)
t + i[H¯dot, %
(k,−k)
t ] = W
(0,1)
t %
(k,−k)
t . (36)
The superscript on the left indicates the order in Ω and it is
one for the adiabatic corrections and larger than one for the
non-adiabatic ones. We can solve for %(k,−k)t recursively
starting from the instantaneous term %(0,−0)t . The charge
and spin currents can be expanded in powers of Ω as well.
In first order in the tunnel-coupling strengths, it turns
out that it is possible to resum the expressions for the
pumped charge and spin current to all orders in the adi-
abatic expansion. As pumping parameters we choose
{ΓN, ε}. Assuming weak pumping (bilinear response in
∆ΓN and ∆ε) we find that the pumped charge and spin
take the form
Q = Qmax sin (φ+∆φQ) (37)
S = Smax sin (φ+∆φS) (38)
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where the amplitudes Qmax and Smax are even functions
of Ω while the phase shifts are odd functions of Ω. This
implies that when expanding the pumped charge and spin
in powers of Ω, all the even powers are proportional to
sinφ while the odd powers are proportional to cosφ. The
adiabatic-pumping results are given by the zeroth-order
contribution in Ω to the pumped charge and spin.
An intriguing feature due to the non-adiabatic con-
tributions to the pumped currents is the appearance of
non-zero phase shifts ∆φQ(S). Such phase shifts gener-
ically show up in nonadiabatically driven quantum sys-
tems, ranging from circuit QED [76], optical lattices [77],
spin-boson models [78], and molecular systems [79] to na-
noelectromechanical devices [80]. More importantly, the
phase shifts for charge and spin differ from each other. This
effect opens up the possibility to generate a pure spin cur-
rent, by tuning Ω such that φ + ∆φQ(Ω) = 0 and conse-
quently Q = 0. This is shown in Fig. 7, where the average
charge and spin currents (indicated by a calligraphic font,
i.e. IQ(S) = Q(S)Ω/(2pi)) are plotted as function of the
pumping frequency Ω. In particular, IQ can be made to
vanish for values of the frequency for which IS has a finite
value.
Figure 7 (Color online) Average charge and spin currents
IQ,S as a function of h¯Ω/Γ¯ for p = 0.4 and pumping
phase φ = pi/9. Thick lines refer to the weak-pumping
regime and thin line to strong pumping ( δΓN = δε =
0.4Γ¯ ). Charge currents are in units of βδΓNδε/h¯ and spin
currents in units of βδΓNδε/2. Other parameters: ε¯ =
kBT log 2, U = 9Γ¯ , kBT = 3Γ¯ , and Γ¯N/Γ¯ = 1/2. Figure
taken from Fig. 2(c) of Ref. [75].
6 Related issues The studies reported upon above
have been extended in various directions. Here, we men-
tion a few.
The properties of adiabatic pumping through a meso-
scopic device depends on its spectral properties. In the
studies reported upon above, we have focused on quan-
tum dots with large single-level spacing such that only one
or two orbital levels participate in transport. But also for
the opposite limit of a continuous density of states, as re-
alized in metallic single-electron transistors, our diagram-
matic theory can be formulated and applied. In the limit of
weak tunnel coupling, the characteristics for the pumped
charge current exhibits similar features as for the single-
level quantum dot, with significant differences in situation
in which the lowest-order pumping contribution is associ-
ated with a renormalization of the charge addition energy
of the quantum dot [81].
An important issue in the context of adiabatic pumping
is the question of how fast the system reacts to changes of
the external system parameters. Therefore, we studied the
response of charge and spin in single-level quantum dots
to sudden changes of the gate voltage in the limit of weak
tunnel coupling. In the presence of Coulomb interaction,
both the charge and the spin relaxation times depend on the
dot’s level position, but they differ from each other [82]. In
addition, there is a third time scale associated with two-
particle processes [83].
We have extended the diagrammatic formalism to
include current-current correlations of adiabatic charge
pumping. Performing a systematic perturbation expan-
sion in the tunnel-coupling strength, we found Coulomb-
interaction induced deviations from the fluctuation-dissipation
theorem and discussed the influence of the asymmetry in
the tunnel coupling on the noise properties [84].
When discussing spin pumping through quantum dots,
the coherent superposition of spin-up and -down electrons
may play an important role. Similarly, coherence effects
are an issue in Aharonov-Bohm interferometers that in-
clude quantum dots or in quantum dots coupled to super-
conducting leads. For both cases, we extended our dia-
grammatic technique and analyzed the pumping character-
istics [85,86].
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